This paper shows how the multivariate finite time ruin probability function, in a phase-type environment, inherits the phase-type structure and can be efficiently approximated with only one Laplace transform inversion.
INTRODUCTION
The convenience of phase-type modelling has been amply demonstrated in both risk and queueing theory, but mostly for ultimate ruin probabilities. For the considerably more challenging case of finite time ruin probabilities with deficit at ruin, phase-type approximations were recently provided only in the classical Poisson arrivals case in Asmussen, Avram and Usábel (2001) (using Erlang killing) and in Avram and Usábel (2001) 
(via a single Laplace inversion).
This work is continued below; under the assumption of phase-type interarrival times, we extend first the formula of the double Laplace transform of the finite time ruin probability of a renewal risk process, obtained by Thorin (1971) and by Cohen (1985) in the context of queueing theory, to include the deficit at ruin as well. Our solution emphasizes the importance of a certain "structure matrix'' (see below), already encountered in the previously studied classic case with phase-type claims.
We consider a Sparre Andersen risk process in continuous time {Z t } t ≥ 0 with U k claim sizes and premium c per time unit, i.e. 
where u are the initial reserves and N t the total number of claims up to time t. The claim times sequence forms an ordinary renewal process with common c.d.f. of the waiting times between claims A(t) with mean 1/l. The claims {U k } are independent one another and also independent of N t , with c.d.f. B (u) the distribution function of claim sizes U k with mean m. The premium rate is usually defined in actuarial literature as c = lm(1 + q) where q is the relative safety loading. The distributions A(t), B (u) are concentrated on (0,∞) and have densities and Laplace transforms denoted by a(t), b(u) and a * (m), b * (n), respectively. We consider here the case when furthermore A(t) and sometimes B (u) are of "phase-type'' (see below). Let us now define t = inf{w > 0 : Z w < 0} as the ruin time and Y = -Z t as the deficit exactly at ruin time or severity of ruin. Let C t, u, y = P u {t < t, Y ≤ y} denote the probability of ruin within time span t, with initial reserves u and severity of ruin less than y (the particular case C u, y = P u {t < ∞, Y ≤ y} being known as the perpetual or ultimate ruin probability).
For a particular choice of the parameters u and y, the function C t, u, y is a defective distribution function with respect t; we study below the density function of the ruin time This interesting function has been treated frequently in the actuarial literature; see the related works by Egidio dos Reis (1993 Reis ( , 2000 , Dickson and Egidio dos Reis (1996) and Willmot (1998 Willmot ( , 2000 .
Using a renewal argument, see for instance Thorin (70, 71, 82) , we can easily obtain the following integral equation for the multivariate ruin probability (with deficit at ruin y) for the ordinary case The classical approach to solve the ruin problem, going back to Cràmer (1955) and Sparre Andersen (1955) , consists in applying integral transforms to the former integral equations, like for instance the double Laplace-Stieltjes operator
to the integral equations above. Then the original ruin probability function can be approximated using Laplace transform inversion techniques, see Usábel (1999 Usábel ( , 2001 and Thorin (1970, 71, 73, 77, 82) , Thorin and Wikstad (1973) , Wikstad (1971, 77) who used the Piessens (1969) inversion method of the Laplace transform, Bohman (1971, 74, 75) who used the Fourier transform and Seal (1971, 74, 77) who dealt with both Laplace and Fourier numerical inversions.
Assumption:
We assume throughout the paper that the interarrival distribution is PH(␣, A, r), i.e. that
where A is a Markovian subgenerator matrix of order r (i.e. with all offdiagonal elements nonnegative, and such that the vector a = -A1 has nonegative elements, out of which at least one is strictly positive). It follows that the density is:
The Laplace transform, defined by the integral e st 0 3 -
and this extends for all s ∈ ‫ރ‬ except for the poles that are the eigenvalues of A, by analytic continuation. An important role below will be played by the vector a * [s] = (sI -A) -1 a of Laplace transforms with fixed starting phase. We provide in the Appendix B some further necessary background on phasetype distribution; the reader is referred to Rolski, Schmidli, Schmidt and Teugels (1999) and Asmussen (2000) for other results and applications of this family.
Contents:
In the present work, in section 2, we obtain in Theorem 1 the double Laplace transform for the multivariate problem (considering the deficit at ruin y) under the assumption of phase-type interarrivals, generalizing formula 3.4 of Thorin (1971) .
In section 3 an interesting application of theorem 1 is presented when the claim sizes are also of phase-type nature. This result, expressed in terms of the non-negative roots (not necessarily distinct) of the Lundberg's equation generalizes several particular cases which have been presented in the literature like Dickson and Hipp (1998, 2000) and Willmot (1999) and yields an alternative representation of Asmussen's result (1992) which had used the negative (assumed distinct) roots.
The numerical illustrations contained in section 4 clearly show that the method presented can lead to very efficient approximations of the rather challenging multivariate finite time ruin probabilities. Moreover, the approximations inherit the phase-type nature as well, see (15) .
Finally, in section 5, a short hint on the applications to actuarial practice is offered, mainly based on the interesting properties of the phase-type distributions.
THE DOUBLE LAPLACE TRANSFORM OF THE FINITE TIME MULTIVARIATE RUIN PROBABILITY
The following result yields the double Laplace transform of the multivariate ruin probabilities, including in the usually ignored case when the Cramer-Lundberg equation has multiple roots. We will denote by f k) (n) the k'th derivative with respect to n of a general function f (n). and introduce the r ≈ r structure matrix: 
where, for convenience in the notation
and
-1 a by definition. To obtain the values of the row 1 ≈ r vector U y (m) we use the fact that as a double Laplace transform, the function c ** m,n,y is finite for any value of n, Re(n) ≥ 0, and hence that at n mj , j = 1, ..., q the numerator of (6) must have roots of at least the same multiplicity as those of the denominator. The C-L equation has exactly r roots (r is the order of the minimal PH representation) with non-negative real part. Something easy to prove bearing in mind that the Laplace transform a * (m -cn) is just a quotient of polynomials with denominator of order r (greater than the one of the numerator).
This yields the following system of r equations and unknowns
m,y (n mj ) are the l-th derivatives with respect n at n mj , or, using matrix notation
The former system of equations has a unique solution because of the nature of U y (m) (see (7) Theorem 1 is an extension of the multivariate problem (considering the deficit at ruin y), under the assumption of phase-type interarrivals, generalizing formula 3.4 of Thorin(1971) .
Unfortunately, using theorem 1, approximations to C t,u,y , considering a general claim size distribution b(x), can only be obtained after two Laplace transform inversions. However, two interesting cases only need one Laplace transform inversion:
1. the ultimate multivariate ruin probability for general claim size distribution b(x), easily obtained using just c , ,
2. the finite time multivariate ruin probability for phase-type claim sizes, considered in the next section.
MULTIVARIATE RUIN PROBABILITIES FOR PHASE-TYPE CLAIM SIZES AND WAITING TIMES
Let us now focus on the phase-type environment both for claim sizes and waiting times. This particular choice is not too restrictive, because this family is dense in the sense that any probability distribution can be approximated using phase-type distributions (see the concluding comments section for details).
The following theorem offers the finite time multivariate ruin probability using only one Laplace inversion. 
Theorem 2. Under the assumption of PH(b,B,k), claim sizes and PH(␣, A,r), waiting times are phase-type, the single Laplace transform in time of the multivariate ruin probability is

#
The reader can easily realize that the expression above shows the multivariate ruin probability function for an exponentially killed process, see Avram and Usábel (2001) and Asmussen, Avram and Usábel (2002) This function admits a simple renewal representation similar to the ultimate ruin probability where j m , the initial phase distribution of the ladder heights, is obtained in proposition 4.3 using a fixed point equation.
However, a different approach is used here based on proposition 4.1. a) in the mentioned text: it suffices to find the ladder height PH distribution of the shifted risk process (or killed following an exponential distribution)
Thence using lemma 3 (see below in this section)
It is easily proved that for PH (b,B,k) claim sizes 
.1 in Asmussen (1992) can be also applied to obtain j m using the negative (assumed distinct) roots of the Lundberg's equation. However the result is not proved to hold when multiple negative roots are found. Moreover, when the order of the claim sizes phase-type distribution is greater than the one modelling the waiting times, k > r, formula (14) is clearly more efficient because the number of roots to find is smaller.
The multivariate ultimate ruin probability can be given by a phase-type distribution without inversions
(see Asmussen and Rolski (1992) and Avram and Usábel (2001) for the classical case). Most standard Laplace transform inversion techniques can given by the general formula
so that the multivariate finite time ruin probability can be expressed very conveniently as a sum of phase-type distributions of order k. Usábel (1999) (1971) 
Remark 2. In Asmussen (1992), j m was also obtained by an iterative solution. When inverting Laplace transforms, the precision digits of the Laplace transform to invert is crucial in many methods due to the magnitude of the weights (W M,i (t)), see for instance
Original results by Wikstad (1971) in brackets. The reader can see the match of 4 significant digits in many figures. Later, calculations were performed using M = 12 with a perfect match of 4 significant digits in all cases. q is the relative safety loading considered. Let us now use a different method of inversion of the Laplace transform and obtain Table 8 in Thorin & Wikstad (1973) , where the waiting times distribution follows (16) and the claim size distribution is PH(b, B, 5) . Now the approximations for the finite time multivariate ruin probability can be then given by C t, u, y -S 0 M (t) obtained from (15) where 
where A is a parameter controlling the maximum significant digits of the approximation. Later the error can be reduced and tight interval approximations found, as shown in Usábel (2001) using the acceleration technique
The interval estimations in tables V-VII were obtained using S The reader can easily see that the incorporation of the deficit to the calculations is trivial using (15). All calculations were performed in Maple V with 22 significant digits.
CONCLUDING COMMENTS
From the theoretical point of view, this paper offers 1. Theorem 1. A generalization of formula 3.4 in Thorin (1971) to phase-type waiting times, instead of just hyperexponential, and considering an arbitrary claim size distribution. The deficit at ruin is also introduced. The phase-type environment is clearly much more powerful that the hyperexponential case considered in the works by Cramer and Thorin (see the introduction for details).
2. Theorem 2. An alternative representation of the crucial row vector j m , the initial phase structure of the ladder heights of the risk process in a phase-type environment (which yields then immediately the killed multivariate ruin probabilities by a mere matrix exponentiation). The new result uses the complex roots with non-negative real part of the CL's equation instead of the negative (assumed distinct) ones in Asmussen (1992) .
From the practical point of view, the purpose of this work is showing how finite time multivariate ruin probabilities, in a phase-type environment, can be approximated efficiently with only one Laplace transform inversion. Moreover, the mentioned ruin probability can be given by a sum of phase-type distributions of the same order as the one modelling the claim size, k (see (15)). In actuarial practice, clearly, only empirical distributions will be available for the claim size and waiting times of the risk process. The phase-type, as mentioned earlier, is a dense family and can approximate any distribution. The problem of fitting phase-type distribution to empirical data is a most interesting issue in applied probability, unfortunately beyond the scope of this work. The reader is referred, for instance, to the works by Bux & Herzog (1977) , Johnson & Taaffe (1985) , Lang & Arthur (1994) or Mitchell & van de Liefvoort (2000) for methods, illustrations and software available. For an actuarial application see also Tseggai (2000) .
When approximating empirical distributions using phase-type families, the claim size distribution is more likely to be complicated due to possible long tail behaviours. This translates into a higher order phase-type representation for the claim size and hence in a larger number of negative roots (k & r). Therefore, we find the representation of j m using the r non-negative roots of the Lundberg's equation instead of the k non-positive ones quite useful for computations.
The phase-type environment, besides of practical interest due to the simplicity of the results, can offer many valuable generalizations to the risk theory modelling such as the embedding of the distribution in a semi-markovian environment, see chapter 8 in Asmussen (2000) 3) The phase-type family is dense (in the sense that any probability distribution can be approximated using a phase-type distribution) and hence of considerable practical interest. 4) The phase-type distributions have been used frequently in the recent actuarial and queueing literature. The reader is referred to the works by Neuts (1975 Neuts ( , 1977 , Asmussen (1987, 92) , Asmussen and Rolski (1991) and Asmussen and Bladt (1996) for further properties and applications. 
